Abstract. We utilize long-term memory, fractal dimension and approximate entropy as input variables for the Efficiency Index [Kristoufek & Vosvrda (2013) , Physica A 392]. This way, we are able to comment on stock market efficiency after controlling for different types of inefficiencies. Applying the methodology on 38 stock market indices across the world, we find that the most efficient markets are situated in the Eurozone (the Netherlands, France and Germany) and the least efficient ones in the Latin America (Venezuela and Chile).
Introduction
Efficient markets hypothesis (EMH) is one of the cornerstones of the modern financial economics. Since its introduction in 1960s [14, 34, 15] , EMH has been a controversial topic. Nonetheless, the theory still remains a stable part of the classical financial economics. Regardless of its definition via a random walk [14] or a martingale [34] , the main idea of EMH is that risk-adjusted returns cannot be systematically predicted and there can be no long-term profits above the market profits assuming the same risk. The EMH definition is also tightly connected with a notion of rational homogenous agents and Gaussian distribution of returns. Both these assumptions have been widely disregarded in the literature [8] .
In the econophysics literature, EMH has been most frequently studied with respect to the correlation structure of the series. There are several papers ranking various financial markets with respect to their efficiency. Research group around Di Matteo [12, 13, 11] finds that the correlations structure of various assets (stocks, exchange rates and interest rates) is connected to the development of the specific countries and stock markets. The importance of long-term memory and multifractality in the financial series is then further discussed in the subsequent research of the group [1, 30, 29] . In the series of papers, Cajueiro & Tabak [5, 6, 4, 7] study the relationship between the long-term memory parameter H and development stages of the countries' economy. Both groups find interesting results connecting persistent (long-term correlated) behavior to the least developed markets but also anti-persistent behavior for the most developed ones. Lim [28] investigates how the ranking of stock markets based on Hurst exponent evolves in time and reports that the behavior can be quite erratic. Zunino et al. [41] utilize entropy to rank stock markets to show that the emergent/developing markets are indeed less efficient than the developed ones. Even though the rank-ing is provided in these studies, the type of memory taken into consideration (either long-term memory or entropy/complexity) is limited and treated separately.
In this paper, we utilize the Efficiency Index proposed by Kristoufek & Vosvrda [24] incorporating long-term memory, fractal dimension and entropy to control for various types of correlations and complexity using a single measure. Basing the definition of the market efficiency simply on no correlation structure, we can state the expected values of long-term memory, fractal dimension and entropy for the efficient market to construct an efficiency measure based on a distance from the efficient market state. Introduction of the entropy measure into the Efficiency Index is novel compared to the original one [24] and it substitutes the short-term memory effect of the Index which turned out to be a rather weak component of the Index. Shortterm memory inefficiency is still controlled for by inclusion of the fractal dimension. As it turns out, the inclusion of the entropy measure has a strong effect on the final efficiency ranking. The procedure is applied on 38 stock indices from different parts of the world and we show that the most efficient markets are indeed the most developed ones -the Western European markets and the US markets -and majority of the least efficient ones are situated in the Latin America and South-East Asia.
The paper is structured as follows. In Section 2, we provide brief description of used methodology focusing on long-term memory, fractal dimension, entropy and efficiency measure. Section 3 introduces the dataset and describes the results. Section 4 concludes.
Methodology

Long-term memory
Long-term memory (long-range dependence) is usually characterized in time domain by a powerlaw decay of autocorrelation function and in frequency domain by a power-law divergence of spectrum close to the origin. More specifically, the autocorrelation function ρ(k) with lag k of a long-range correlated process decays as ρ(k) ∝ k 2H−2 for k → +∞, and the spectrum f (λ) with frequency λ of a long-range correlated process diverges as f (λ) ∝ λ 1−2H for λ → 0+. The characteristic parameter of the long-term memory Hurst exponent H ranges between 0 ≤ H < 1 for stationary processes. The breaking value of 0.5 indicates no long-term memory so that the autocorrelations decay rapidly (exponentially or faster). For H > 0.5, the series is persistent with strong positive correlations characteristic by a trend-like behavior while still remaining stationary. For H < 0.5, the series is anti-persistent and it switches the direction of increments more frequently than a random process does.
There are many different estimators of the long-term memory parameter H in both frequency and time domains [35, 36, 37, 2] . However, the estimators are usually affected by shortterm memory bias [37, 22] , distributional properties [2, 21, 22] or finite-size effect [38, 9, 27, 39] causing the estimates to have rather wide confidence intervals for these specific cases. To avoid these issues, we utilize two estimators from the frequency domain -the local Whittle and GPH estimators -which are appropriate for rather short financial series with a possible weak shortterm memory [35, 36] and moreover, they have well-defined asymptotic properties -consistency and asymptotic normality. Efficiency Index is then based on these estimators of Hurst exponent H.
Local Whittle estimator
The local Whittle estimator [33] is a semi-parametric maximum likelihood estimator -the method utilizes a likelihood function of Künsch [26] and focuses only on a part of spectrum near the origin. The periodogram I(λ j ) = 1 T T t=1 exp(−2πitλ j )x t is utilized as an estimator of the spectrum of a series {x t } with j = 1, 2, . . . , m where m ≤ T /2 and λ j = 2πj/T . Assuming that series is indeed long-range correlated with 0 ≤ H < 1, the local Whittle estimator is defined as
where
(2) The local Whittle estimator is consistent and asymptotically normal, specifically
GPH estimator
The GPH estimator, named after Geweke & PorterHudak [17] , is based on a full functional specification of the underlying process as the fractional Gaussian noise implying a specific spectral form:
Again, the spectrum needs to be estimated using the periodogram so that Hurst exponent is estimated using the least squares method to the following equation:
The GPH estimator is consistent and asymptotically normal [3] , specifically
Asymptotically, the GPH estimator is thus infinitely more efficient than the local Whittle estimator. However, this holds only if the true underlying process is indeed the fractional Gaussian noise. In financial series, this is frequently not the case and the processes are mostly combinations of short-term and long-term memory processes. The GPH estimator then becomes biased. To overcome this issue, we base the GPH estimator only on a part of the spectrum (periodogram) close to the origin to avoid the shortterm memory bias. The regression in Eq. 5 is then not run on all λ j frequencies but only for a part based on the same parameter m as for the local Whittle estimator.
Fractal dimension
Fractal dimension D is a measure of roughness of the series and can be taken as a measure of local memory of the series [24] . For a univariate series, it holds that 1 < D ≤ 2. For selfsimilar processes, the fractal dimension is connected to the long-term memory of the series so that D+H = 2. This can be attributed to a perfect reflection of a local behavior (fractal dimension) to a global behavior (long-term memory). However, the relation usually does not hold perfectly for the financial series so that both D and H give different insights into the dynamics of the series. In general, D = 1.5 holds for a random series with no local trending or no local anti-correlations. For a low fractal dimension D < 1.5, the series is locally less rough and thus resembles a local persistence. Reversely, a high fractal dimension D > 1.5 is characteristic for rougher series with local anti-persistence. For purposes of the Efficiency Index, we utilize Hall-Wood and Genton estimators [18, 19] .
Hall-Wood estimator
Hall-Wood estimator [20] is based on box-counting procedure and utilizes scaling of absolute deviations between steps. Formally, let's have
which represents these absolute deviations for the series of length n within boxes of size l.
Based on the definition of the fractal dimension [18, 19] , the Hall-Wood estimator is given by
where [20] to minimize bias, we get
Genton estimator
Genton estimator is a method of moments estimator [18, 19] based on the robust estimator of variogram of Genton [16] . Defining the variogram as
we get the Genton estimator as [10, 40] to decrease the bias again, we get
Approximate entropy
Entropy can be taken as a measure of complexity of the system. The systems with high entropy can be characterized by no information and are thus random and reversely, the series with low entropy can be seen as deterministic [32] . The efficient market can be then seen as the one with maximum entropy and the lower the entropy, the less efficient the market is. For purposes of the Efficiency Index, we need an entropy measure which is bounded. Therefore, we utilize the approximate entropy introduced by Pincus [31] .
where 1 • is a binary indicator function equal to 1 if the condition in • is met and 0 otherwise and where
C m i (r) can be thus seen as a measure of autocorrelation as it is based on a maximum distance between lagged series. Averaging C m i (r) across i yields
which is connected to the correlation dimension
which is in turn treated as a measure of entropy and complexity of the series [31] . β m ranges between 0 (completely deterministic) and 1 (completely random).
Capital market efficiency measure
According to Kristoufek & Vosvrda [24, 25] , the Efficiency Index (EI) is defined as
where M i is the ith measure of efficiency, M i is an estimate of the ith measure, M * i is an expected value of the ith measure for the efficient market and R i is a range of the ith measure. In words, the efficiency measure is simply defined as a distance from the efficient market specification based on various measures of the market efficiency. In our case, we consider three measures of market efficiency -Hurst exponent H with an expected value of 0.5 for the efficient market (M * H = 0.5), fractal dimension D with an expected value of 1.5 (M * D = 1.5) and the approximate entropy with an expected value of 1 (M * AE = 1). The estimate of Hurst exponent is taken as an average of estimates based on GPH and the local Whittle estimators. The estimate of the fractal dimension is again taken as an average of the estimates based on the Hall-Wood and Genton methods. For the approximate entropy, we utilize the estimate described in the corresponding section. However, as the approximate entropy ranges between 0 (for completely deterministic market) and 1 (for random series), we need to rescale its effect, i.e. we use R AE = 2 for the approximate entropy and R H = R D = 1 for the other two measures so that the maximum deviation from the efficient market value is the same for all measures.
Application and discussion
We analyze 38 stock indices from various locations -the complete list is given in Tab Let us now turn to the results. In Fig. 1 , all the results are summarized graphically. For the utilized three measures -Hurst exponent, fractal dimension and approximate entropywe present the absolute deviations from the expected values of the efficient market for comparison. For the Hurst exponent estimates, we observe huge diversity -between practically zero (for IPSA of Chile) and 0.18 (for Peruvian IGRA).
Interestingly, for some of the most developed markets, we observe Hurst exponents well below 0.5 (Tab. 3 gives the specific estimates) which is, however, in hand with results of other authors [13, 11] . The results for the fractal dimension again vary strongly across the stock indices. The highest deviation is observed for the Slovakian SAX (0.19) and the lowest for the FTSE of the UK (0.02). In Tab. 3, we observe that apart from FTSE, all the other stock indices possess the fractal dimension below 1.5 which indicates that the indices are locally persistent, i.e. in some periods, the indices experience significant positively autocorrelated behavior which is well in hand with expectations about the herding behavior during critical events. The approximate entropy estimates are more stable across indices compared to the previous two cases. The highest deviation from the expected value for the efficient market is observed for the Chilean IPSA (0.98) and the lowest for the Dutch AEX (0.48). Evidently, all the analyzed stock indices are highly complex as the approximate entropy is far from the ideal (efficient market) value of 1 and such complexity is not sufficiently covered by the other two applied measures. The inclusion of the approximate entropy into the Efficiency Index thus proves its worth.
Putting the estimates of the three measures together, we get the Efficiency Index which is also graphically presented in Fig. 1 . For the ranking of indices according to their efficiency, we present Tab. 3. The most efficient stock market turns out to be the Dutch AEX closely followed by the French CAC and the German DAX. We can observe that the most efficient markets are usually the EU (or rather Eurozone) countries followed by the US markets and other developed markets from the rest of the world -Japanese NIKKEI, Korean KS11, Swiss SSMI. The least efficient part of the ranking is dominated by the Asian and the Latin American countries. At the very end, we have the Slovakian SAX, Venezuelan IBC and Chilean IPSA. The efficiency of the stock markets is thus strongly geographically determined which is connected to the stage of development of the specific markets.
To see the contribution of the separate parts of the Index to the overall ranking, we present Tab. 4 where the rankings according to the Efficiency Index and its components are compared. Evidently, the overall ranking is tightly connected to the ranking according to the entropy measure. However, the correspondence is not perfect -Spearman's rank correlation between the two is equal to 0.94. For the fractal dimension and long-term memory components, the rank correlations are 0.65 and 0.49, respectively. It thus turns out that the stock indices are highly complex and this complexity plays the main role in their potential inefficiency. It also makes good sense that the effect of entropy dominates the ones of the fractal dimension and the long-term memory. In practice, it is hard to believe that stock indices would be persistent as such persistence would be quickly arbitraged out by profitseeking traders. The fact that the fractal dimension has a stronger effect on the overall inefficiency compared to the long-term memory component is well in hand with the properties of the fractal dimension which tracks local, shortlived, correlations which are present in the stock indices. However, such dominance of the entropy measure in the overall Efficiency Index does not discredit utility of the Index itself as it turns out that such dominance might be stock index specific -the Efficiency Index including entropy applied on various commodity futures does not show such a strong position of entropy compared to the other measures [25] .
Compared to the other studies mentioned in the Introduction section, our study provides a broader picture of treating the capital market efficiency. Most importantly, majority of the efficiency ranking studies focus on the long-term memory characteristics of the capital markets [12, 13, 11, 5, 6, 4, 7] . However, we show that the persistence or anti-persistence of the series plays only a marginal role in the overall efficiency ranking. This is well in hand with the assumption that any significant autocorrelations are quickly arbitraged away by algorithmic trading and noise traders. Such short-term profit opportunities represented by short-lived significant autocorrelations are captured by the fractal dimension which is found to be a more important component of the Efficiency Index. The most important role is attributed to the entropy, which makes our results partly comparable with the ones of Zunino et al. [41] where the French CAC, German DAX and Italian MIB30 are, respectively, detected as the most efficient ones compared to our most efficient triad of the Dutch AEX, French CAC and German DAX in a descending order. However, the dataset of the former study does not include the Dutch stock index. And even though the most efficient triplets are very alike, the rest of the ranking differs more which we attribute to more sources of inefficiencies taken into consideration by the Efficiency Index presented in this study.
Conclusions
We have utilized long-term memory, fractal dimension and approximate entropy as input variables for the Efficiency Index [23, 24] . This way, we are able to comment on stock market efficiency after controlling for different types of inefficiencies. Applying the methodology on 38 stock market indices across the world, we find that the most efficient markets are situated in the Eurozone (the Netherlands, France and Germany) and the least efficient ones in the Latin America (Venezuela and Chile). The Efficiency Index thus well corresponds to the expectation that the stock market efficiency is connected to the development of the market. The centers of the circle represent no deviation from the efficient market both for the specific deviations and for the Efficiency Index. The further the red line is from the center, the higher the deviation. The figures are rescaled to make the results more evident. From the Efficiency Index, we find that the Slovakian SAX, Venezuelan IBC, and Chilean IPSA are the least efficient markets whereas the Dutch AEX, French CAC and German DAX are the most efficient ones. 
